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Abstract: Arced labyrinth weirs are a viable option for existing spillway retrofit due to their increased 
flow capacity. This study supplies additional arced labyrinth weir hydraulic design empirical data and 
uses this data to validate a numerical model (utilized Flow-3D) of the same experimental setup. The 
dimensionless discharge coefficient relationship is presented for the physical model, potential errors 
due to physical model crest referencing are discussed, and the relative and absolute errors along with 
a grid convergence study are given for the numerical model.  
 
Keywords: Arced Labyrinth Weirs, Spillway Hydraulics, CFD. 
 
INTRODUCTION 
Due to higher frequency in extreme flood event occurrence in recent years, estimates for design storm 
requirements (i.e. probable maximum flood (PMF), 500-year storm, etc.) have increased. 
Consequently, many reservoir systems no longer meet discharge requirements. Labyrinth weirs 
provide a feasible retrofit to existing, fixed-width spillways as the length and resultingly the discharge 
capacity of the spillway can increase with no change in spillway width. Tullis et al. (1995) state that 
a nonlinear weir, such as a labyrinth weir, can approximately double the discharge capacity relative 
to a linear weir.  
In reservoir applications, arcing a labyrinth spillway can further improve hydraulic efficiency. When 
spillways are engaged, the approach flow tends to converge towards the spillway. By arcing the 
labyrinth weir, the inlet cycles are better oriented to the approach flow and the inlet cycle area 
increases; these factors help the spillway efficiently handle reservoir-type flow patterns.  
Existing Arced Labyrinth Weir Research 
Crookston (2010) conducted research on six arced labyrinth weirs and nine non-arced labyrinth weirs 
in a laboratory scaled headbox/reservoir at the Utah Water Research Laboratory (UWRL) at Utah 
State University. Each weir had 5 cycles (N=5), a half-round crest, and trapezoidal labyrinth 
geometry. The arced labyrinth weirs tested had sidewall angles (α) equal to 6° and 12° each at three 
different cycle arc angles (θ = 10°, 20°, and 30°). Christensen (2012) furthered this research by 
including α=20° and including N=7 and 10 for α=12°, and N=10 for α=20°.  
Crookston (2010) found that arcing a labyrinth weir can increase hydraulic efficiency by ~5-11% 
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when compared to non-arced labyrinth weirs in reservoir applications. However, because of the 
increased inlet cycle area compared to the outlet cycle area, this increase in hydraulic efficiency 
exceeds the outlet free-flow capacity at smaller heads relative to the weir crest (HT/P) when compared 
to non-arced labyrinth weirs. This causes arced labyrinth weirs to submerge sooner than non-arced 
weirs. Furthermore, Christensen (2012) found that increasing the cycle number has little effect on 
discharge efficiency, and linearly increases flow capacity with the increased weir length. Christensen 
(2012) also noted nappe behavior. Due to the increased flow capacity of the inlet cycles and decreased 
free flow capacity of the outlet cycles, the arced labyrinth weirs tested did not fully aerate; only 
partial, oscillating aeration was present until the weirs became drowned.  
The empirical data of Crookston (2010) and Christensen (2012) represent the primary source used to 
predict hydraulic performance of prototype arced labyrinth weirs. Therefore, designers are forced to 
interpolate when prototype geometries do not exactly match the aforementioned geometries tested. 
This study was undertaken to reduce the level of uncertainty when using interpolated data by 
providing additional empirical reference data and using computational fluid dynamic (CFD) 
modeling in an effort to replicate the empirical data. This report focuses on the challenges, benefits, 
and results that are presented through composite modeling, in this case, physical and numerical. 
Composite Modeling 
Savage et al. (2016) extended the research of Crookston and Tullis (2013) by modeling a 4-cycle, 
α=15° non-arced labyrinth weir in a laboratory flume at HT/P > 1.0 (where HT/P is the dimensionless 
ratio of total head to weir height). This physical model was used to validate a numerical model, which 
simulated flow over two cycles of the same weir. All relative errors between the physical and 
numerical model were within ±3%. While it is common to attribute relative errors to the estimations 
and assumptions made in the numerical model, these relative errors also can be partially assigned to 
errors in physical modelling (i.e. errors in crest elevation reference, weir levelness, and individual 
point measurements).  
Crookston et al. (2018) performed a similar study by comparing existing piano-key weir laboratory 
data (Anderson and Tullis 2013) to numerical models. The results of Anderson and Tullis (2013) 
were replicated with error bars between ~3-4%. Both Savage et al. (2016) and Crookston et al. (2018) 
sought to determine the effect of multiple numerical turbulence models on the discharge coefficient 
(Cd) solution. Savage et al. (2016) modeled the large eddy simulation (LES) and the renormalized 
group theory (RNG) turbulence models, while Crookston et al. (2018) studied the LES and the RNG 
k-ε models. Both studies concluded that turbulence model has little effect on Cd due to the non-
turbulent nature of the flow upstream of the nonlinear weirs. Both studies also concluded that CFD 
modeling must be validated with empirical data or ideally a physical model of the proposed prototype.  
Approach and Application 
One arced labyrinth weir (α=16°, θ=30°) has been physically and numerically modeled. Initially the 
physical model was tested and then replicated numerically. This study presents the challenges and 
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errors inherent in physical and numerical modeling such as: crest elevation referencing, and numerical 
mesh convergence. Finally, the results between the physical and numerical model are presented.  
 
EXPERIMENTAL METHOD 
Physical Modeling 
Physical modeling of the α=16°, θ=30 arced labyrinth weir took place at the Utah Water Research 
Laboratory (UWRL) at Utah State University, Logan, UT. The weir was fabricated of 2.54-cm thick 
polyvinyl chloride sheeting (PVC). The weir was 20.5 cm tall (P=20.5 cm), 2.54 cm thick (tw=2.54 
cm), with a half-round crest shape; basic weir geometry is given in Fig. 1. The weir was tested in a 
reservoir/headbox (7.2 x 7.2 x 1.5 m deep) with flow converging from 180° to simulate reservoir 
approach flow conditions. The weir was installed, projecting into the reservoir on an acrylic 
platform/apron (2.8 x 1.2 m) 8.9 cm above the reservoir bed; the apron was level to within ±1.6 mm. 
Approach ramps sloped up from the reservoir floor at 0.073 m/m to the weir apron. The weir was 
installed and levelled using a survey level to within ± 0.794 mm (40 measurements taken). The 
average crest elevation was then referenced to a stilling well point gauge using the survey level.  
 
Fig. 1 – α=16°, θ=30 arced labyrinth weir (a) and profile view of labyrinth weir hydraulic parameters 
(b). 
  
(a)      (b)  
Flow was measured via calibrated electromagnetic meters installed in 15.2 cm (6 in.) and 50.8 cm 
(20 in.) diameter supply lines. Flow measurements were made under steady state conditions at 22 Hz 
and averaged over 5 min. Two 5 min averages were taken for each data point. Piezometric head (h) 
was measured using a precision point gauge (± 0.152 mm accuracy) placed in a stilling well; the 
stilling well was hydraulically connected to the reservoir through a piezometer tap located 4.9 m 
upstream from the downstream edge of the weir apron. Piezometric head measurements were also 
made twice at each datapoint, immediately after flow measurements were recorded. Approximately 
30 points were measured between HT/P=0.05 and 0.45. An acoustic dopple velocimeter was used to 
measure velocity head (V 2/2g) at the pressure tap at every 0.1 HT/P.  
Numerical Modeling 
The CFD program used solves the Reynolds Averaged Navier Stokes (RANS) equations using a 
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finite-volume approximation, where the RANS equations are solved for each cell of the model 
domain. The RNG k-ε turbulence model was selected along with the split-Lagrangian volume of fluid 
(VOF) advection scheme to temporally and spatially track the free-surface (based on Crookston et al. 
2018 and Savage et al. 2016). The solver was also set to solve the full momentum and continuity 
equations.  
To model the arced labyrinth weir, three-dimensional drawings of the weir, apron, approach ramps, 
and reservoir were created that replicate the physical model setup. Prior to the simulation, the CFD 
solver uses a series of flat planes that intersect each grid cell to spatially render the solid. This 
algorithm is named the fractional area/volume obstacle representation (FAVOR); the FAVOR 
rendering of the geometry and initial fluid region are shown in Fig. 2. Due to the symmetry of the 
setup and observed flow conditions only half of the weir and headbox were modelled numerically 
(see Fig. 2).  
 
Fig. 2 – Numerical Model extents, FAVOR rendering, and boundary conditions. 
 
Two meshes were used to render the numerical domain; an upstream reservoir (coarser) mesh, and a 
nested, weir (finer) mesh. The reservoir mesh was held at a constant size (∆) of 27.4 mm. Three weir 
mesh sizes were tested with sizes: 13.7, 9.14, and 6.86 mm and normalized by the weir thickness as 
∆/ tw =0.54, 0.36, and 0.27, respectively. Due to the converging flow patterns, the upstream boundary 
conditions were set at a constant flowrate (Q) and a history probe was set at the location of the 
physical model’s piezometer to measure h. Symmetry, or free slip, boundaries were placed between 
the inter-block mesh boundaries and the lateral boundary that splits the weir in half. Outflow 
boundaries were placed at the free discharging boundary, and atmospheric pressure boundaries at the 
maximum elevation extents. All boundary conditions are shown in Fig. 2 on their respective planes. 
Upon completion of the physical modeling, six datapoints were numerically modeled based on 
physical model discharges at HT/P = 0.3 and 0.4 using each weir mesh size. The numerical data were 
then compared to the physical using the dimensionless discharge coefficient (Cd) from the standard 
weir equation (Eq. (1)) where Q is discharge, Cd is the discharge coefficient, Lc is the weir centerline 
length, g is the gravitational constant, and HT is the total head relative to the weir crest. 
 
𝑄𝑄 = 2
3
𝐶𝐶𝑑𝑑𝐿𝐿𝑐𝑐�2𝑔𝑔 𝐻𝐻𝑇𝑇32         (1) 
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EXPERIMENTAL RESULTS 
Hydraulic Performance 
In Eq. (1), HT is defined as the piezometric head, due to the negligible effect of velocity head in the 
reservoir setting. Although this model represents an extreme case where velocity could be a large 
contributor towards driving head, due to very shallow approach depths (approximately 1.5P), velocity 
head was found to only be 0.06 – 0.23% of the total head. This error translates to a 0.08 – 0.35% error 
in Cd when velocity head is ignored. In prototype applications, velocity head is likely unknown and 
also negligible due to unknown reservoir bathymetry and deep approach geometries.  Therefore, Cd 
has been determined to be a function of piezometric head, or HT = h.  
Cd represents a weir’s discharge efficiency per-unit-length and is shown in Fig. 3 in terms of HT/P 
for the α=16°, θ=30° arced labyrinth weir of this study and the α= 12° and 20°, θ=30° (Crookston 
2010 and Christensen 2012) weirs tested previously. In Fig. 3, it is noted that little efficiency is lost 
from decreasing α from 20° to 16°. However, at the same downstream cycle width (w’) opening. The 
α=16° has 20% more weir length, which linearly translates to ~20% more discharge capacity given 
the similar Cd behavior. This also demonstrates the non-linear relationship in discharge efficiency 
and α; further research is being done to determine the relationship between discharge efficiency and 
α  for 12° < α < 20°.  When using these results in design, designers may calculate a rating curve (HT 
vs. Q) by using Eq. 1 and the datasets in Fig. 3; interpolation between datasets may be used for other 
α. However, physical model verification is required for inclusion of site-specific influences not 
present in this study.  
 
Fig. 3 – Cd vs. HT/P for arced labyrinth weirs of α =12°, 16°, and 20° with θ =30°. 
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Sources of Error 
Crest reference elevation measurements can cause large errors in Cd estimates and rating curve 
development. The crest reference is significant, because each head measurement is referenced to it 
and, at low heads, a minor error can be a significant portion of the actual h. At the lowest head 
measured, HT/P=0.0556 or 11.39 mm, a 1 mm (0.488% of the weir height) error in crest reference 
elevation can cause an 8.78% error in h and 14.8% error in Cd. This relationship is shown in Fig. 4 
with the absolute and relative errors (ε) in Cd shown. It should be noted that individual errors in head 
measurements can cause similar error propagation at a single point, but the crest reference error 
affects every head measurement taken.  
  
Fig. 4 – Absolute and relative errors in Cd vs HT/P based on a ±1 mm error in the crest reference. 
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
Cd
HT/P
α=12° (Crookston 2010)
α=16°
α=20° (Christensen 2012)
0.40
0.50
0.60
0.70
0.80
0.90
Cd
α=16°
CR + 1 mm
CR - 1 mm
7th International Junior Researcher and Engineer Workshop on Hydraulic Structures, IJREWHS'19, B. HEINER and B. 
TULLIS (Eds), Report 7, U.S. Bureau of Reclamation, Denver, CO, USA - ISBN 978-0-578-69809-0 
https://doi.org/10.26077/ef2d-rz76 
 
7 
 
Based on the relationship shown, care must be taken to ensure accurate referencing of the crest 
elevation to the head measurement device. With the increased length of non-linear weirs, such as 
arced labyrinths, this poses a great challenge. As mentioned in the experimental setup, the weir for 
this study was leveled to within ± 0.794 mm; 40 points (8 per cycle) across the weir’s length were 
measured, any point that exceeded the bounds was re-levelled and measured. A survey level and rod, 
accurate to the ± 0.794 mm threshold was used. Therefore, the instrumentation was a limiting factor. 
Once the weir was level, an average of the 40 points was taken and used as the representative crest 
elevation and referenced to the point gauge in the stilling well using the same survey level and rod.  
This process was repeated several times until a repeatable crest reference value was obtained. With 
these precautions taken, data collectors can more confidently report head-discharge data to be used 
in engineering design with sound engineering judgement. 
Numerical Results 
In order to obtain a mesh independent solution, the CFD solver simulated flow over the weir at each 
of the three weir meshes (∆/tw =0.54, 0.36, 0.27) at both HT/P=0.3 and 0.4.The grid convergence 
index (GCI) was then calculated as per ASCE (2009). The GCI allows for self-validation of the model 
based on the desired solution (fi), the grid refinement ratio (r=∆2/∆1), the order of convergence (p) 
and an empirically based safety factor (Fs); typically, Fs=1.25 for three mesh studies. Using these 
parameters, the GCI is defined in Eq. (2): 
 
𝐺𝐺𝐶𝐶𝐺𝐺 = 𝐹𝐹𝑠𝑠 |(𝑓𝑓2 − 𝑓𝑓1) 𝑓𝑓1⁄ | (𝑟𝑟𝑝𝑝 − 1)⁄         (2) 
 
 
Where f2 denotes the coarser of the two meshes. For this study Cd was selected as f. The GCI for each 
mesh and both HT/P=0.3 and 0.4 is shown in Table 1. While the GCI does not guarantee solution 
accuracy, it does give a level of confidence that the solution is approaching grid independency and is 
within the asymptotic range of the actual solution. 
 
Table 1 – GCI calculations for HT/P=0.3 and 0.4. 
Fs=1.25, p=2 
  ∆/tw  r (∆2/∆1) Cd relative error (|f2-f1|/f1) GCI (%) 
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HT/P=0.3 0.54 – 0.763 – – 
0.36 1.50 0.711 0.0739 7.39% 
0.27 1.33 0.704 0.0103 1.66% 
HT/P=0.4 0.54 – 0.654 – – 
0.36 1.50 0.643 0.0173 1.73% 
0.27 1.33 0.644 0.0008 0.13% 
Upon completion of the physical and numerical modeling, the numerical model results were 
compared to a curve-fitted approximation of the physical model results (see Fig. 4) with generally 
good agreement. At the finest mesh, ∆/tw=0.27 the relative errors were 0.77 and 1.31% for HT/P=0.3 
and 0.4, respectively. These errors can be attributed to both numerical and physical modeling; 
however, the likely source for most errors can be attributed to the approximations/assumptions made 
in the CFD calculations of the fluid flow solver and weir geometry.  
The good behavior of the CFD model suggests that both physical and numerical models are accurately 
representing the hydraulic behavior of the arc labyrinth weir geometry tested, and that CFD could be 
a useful tool for predicting hydraulic performance for other geometric variations of arced labyrinth 
weirs. The use of CFD modeling is recommended when designing arc labyrinth weirs due to its ability 
to implement site-specific conditions and give a level of assurance when using and interpolating 
between the available empirical data.   
 
Fig. 4 – physical and numerical Cd (a) results and relative error (εCd) (b). 
(a)       (b) 
 
CONCLUSION 
Arced labyrinth weirs pose a good solution as an existing spillway retrofit. The decrease in α from 
20° to 16° causes little loss in discharge efficiency, but increases capacity, at the same w’, due to the 
increase in weir length. When modeling nonlinear weirs, the modeler must take extra precaution to 
level the weir and obtain a reliable crest reference otherwise significant errors can be present at all 
data points. CFD can be a useful to in predicting arced labyrinth weir discharge with errors < 2%. 
However, verification between empirical data or a physical model study, is recommended to ensure 
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that the CFD solution is converging towards the physical model. When modeling both physically and 
numerically, careful care in model construction and data collection must be taken in both models for 
good agreement to exist.  
SYMBOLS 
α sidewall angle    Cd  dimensionless discharge coefficient from Eq. 1 
∆ characteristic cell size   εCd CFD relative error in Cd 
f representative CFD solution  Fs factor of safety 
g gravitational constant   h piezometric head 
HT total head    Lc weir centerline length 
N cycle number    P weir height 
p CFD solver order of convergence Q discharge/flowrate 
r cell size ratio (∆2/∆1)   θ cycle arc angle 
tw weir sidewall thickness   V upstream velocity at pressure tap 
w’ cycle opening width 
ACKNOWLEDGMENTS 
The authors would like to acknowledge the UWRL and Utah State University for funding this research and 
Brian Crookston and Nathan Christensen for their previous research on arced-labyrinth weirs, laying the 
groundwork for this study.   
  
7th International Junior Researcher and Engineer Workshop on Hydraulic Structures, IJREWHS'19, B. HEINER and B. 
TULLIS (Eds), Report 7, U.S. Bureau of Reclamation, Denver, CO, USA - ISBN 978-0-578-69809-0 
https://doi.org/10.26077/ef2d-rz76 
 
10 
REFERENCES 
ANDERSON, R. M., and TULLIS, B. P. (2013). “Piano Key Weir Hydraulics and Labyrinth Weir 
Comparison.” J. Irrig. Drain Eng., 139(3), 246–253. 
ASCE. (2009). “CHAPTER 2 TERMINOLOGY AND BASIC METHODOLOGY.” Verification and 
Validation of 3D Free-Surface Flow Models, 19–44. 
CHRISTENSEN, N. A. (2012). “Flow Characteristics of Arced Labyrinth Weirs.” MS thesis. Utah State 
 University Library, Logan, Utah. 21–29. 
CROOKSTON, B. M. (2010). “Labyrinth weirs.” PhD dissertation. Utah State University Library, Logan, 
Utah. 44-66, 95-122. 
CROOKSTON, B. M., ANDERSON, R. M., and TULLIS, B. P. (2018). “Free-flow discharge estimation 
method for Piano Key weir geometries.” Journal of Hydro-Environment Research, Elsevier, 19(3), 160–
167. 
CROOKSTON, B. M., and TULLIS, B. P. (2013). “Hydraulic Design and Analysis of Labyrinth Weirs. I: 
Discharge Relationships.” Journal of Irrigation and Drainage Engineering, 139(5), 363–370. 
SAVAGE, B. M., CROOKSTON, B. M., and PAXSON, G. S. (2016). “Physical and Numerical Modeling of 
Large Headwater Ratios for a 15° Labyrinth Spillway.” Journal of Hydraulic Engineering, 142(11), 
04016046. 
TULLIS, J. P., AMANIAN, N., and WALDRON, D. (1995). “Design of Labyrinth Spillways.” Journal of 
Hydraulic Engineering, 121(3), 247–255. 
